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ABSTRACT

WMAP precisiondata enablesaccuratetesting of cosmologicalmodels. We �nd that
the emerging standardmodelof cosmology, a �at

�
- dominateduniverseseededby a nearly

scale-invariant adiabaticGaussian�uctuations, �ts the WMAP data. For the WMAP data
only, the best�t parametersareh = 0 � 72 � 0 � 05, � bh2 = 0 � 024 � 0 � 001, � mh2 = 0 � 14 � 0 � 02,

� = 0 � 166+0 � 076
- 0 � 071, ns = 0 � 99 � 0 � 04, and � 8 = 0 � 9 � 0 � 1. With parameters�x ed only by WMAP

data,we can �t �ner scaleCMB measurementsand measurementsof large scalestructure
(galaxysurveys and the Lyman � forest). This simple model is also consistentwith a host
of otherastronomicalmeasurements:its inferredageof the universeis consistentwith stel-
lar ages,thebaryon/photonratio is consistentwith measurementsof the[D]/[H] ratio,andthe
inferredHubbleconstantis consistentwith local observationsof theexpansionrate. We then
�t themodelparametersto a combinationof WMAP datawith other�ner scaleCMB experi-
ments(ACBAR andCBI), 2dFGRSmeasurementsandLyman � forestdatato �nd themodel's
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best�t cosmologicalparameters:h = 0 � 71+0� 04
- 0� 03, � bh2 = 0 � 0224� 0 � 0009, � mh2 = 0 � 135+0 � 008

- 0 � 009,� = 0 � 17 � 0 � 06, ns(0.05Mpc- 1) = 0 � 93 � 0 � 03, and � 8 = 0 � 84 � 0 � 04. WMAP's bestdetermi-
nationof � = 0 � 17 � 0 � 04 arisesdirectly from theTE dataandnot from this model�t, but they
areconsistent.Theseparametersimply thattheageof theuniverseis 13� 7 � 0 � 2 Gyr. With the
Lyman � forestdata,themodelfavorsbut doesnotrequireaslowly varyingspectralindex. The
signi�canceof this runningindex is sensitive to theuncertaintiesin theLyman � forest.

By combiningWMAP datawith otherastronomicaldata,we constrainthegeometryof the
universe: � tot = 1 � 02 � 0 � 02, and the equationof stateof the dark energy, w � - 0 � 78 (95%
con�dencelimit assumingw � - 1.). Thecombinationof WMAP and2dFGRSdataconstrains
theenergy densityin stableneutrinos:��� h2 � 0 � 0076(95%con�dencelimit). For 3 degenerate
neutrinospecies,this limit impliesthattheir massis lessthan0.23eV (95%con�dencelimit).
TheWMAP detectionof earlyreionizationrulesoutwarmdarkmatter.

Subjectheadings: cosmicmicrowave background— cosmology:observations— earlyuni-
verse

1. INTRODUCTION

Overthepastcentury, astandardcosmologicalmodelhasemerged:With relatively few parameters,the
modeldescribestheevolutionof theUniverseandastronomicalobservationsonscalesrangingfrom afew to
thousandsof Megaparsecs.In this modeltheUniverseis spatially�at, homogeneousandisotropicon large
scales,composedof radiation,ordinarymatter(electrons,protons,neutronsandneutrinos),non-baryonic
cold darkmatter, anddarkenergy. Galaxiesandlarge-scalestructuregrew gravitationally from tiny, nearly
scale-invariantadiabaticGaussian�uctuations.TheWilkinsonMicrowaveAnisotropy Probe(WMAP ) data
offer ademandingquantitative testof thismodel.

TheWMAP dataarepowerful becausethey resultfrom a missionthatwascarefullydesignedto limit
systematicmeasurementerrors(Bennettet al. 2003a,b;Hinshaw et al. 2003b). A critical elementof this
designincludesdifferential measurementsof the full sky with a complex sky scanpattern. The nearly
uncorrelatednoisebetweenpairsof pixels, theaccuratein-�ight determinationof thebeampatterns(Page
et al. 2003c,a;Barneset al. 2003), and the well-understoodpropertiesof the radiometers(Jarosiket al.
2003a,b)areinvaluablefor thisanalysis.

Our basicapproachin this analysisis to begin by identifying thesimplestmodelthat �ts theWMAP
dataanddeterminethe best�t parametersfor this modelusingWMAP dataonly without the useof any
signi�cant priorsonparametervalues.Wethencomparethepredictionsof thismodelto otherdatasetsand
�nd that themodelis basicallyconsistentwith thesedatasets.We then�t to combinationsof theWMAP
dataandotherastronomicaldatasetsand�nd the best�t global model. Finally, we placeconstraintson
alternativesto thismodel.

We begin by outliningour methodology(§2). Verdeet al. (2003)describesthedetailsof theapproach
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usedhereto comparetheoreticalpredictionsof cosmologicalmodelsto data. In §3, we �t a simple,six
parameter

�
CDM modelto theWMAP data-set(temperature-temperature andtemperature-polarization an-

gularpowerspectra).In §4weshow thatthissimplemodelprovidesanacceptable�t notonly to theWMAP
data,but alsoto a hostof astronomicaldata. We usethe comparisonwith theseotherdatasetsto test the
validity of themodelratherthanfurtherconstrainthemodelparameters.In §5,we includelargescalestruc-
turedatafrom the2dFGalaxyRedshiftSurvey (2dFGRS,Collesset al. (2001))andLyman � forestdatato
performa joint likelihoodanalysisfor thecosmologicalparameters.We �nd that thedatafavors a slowly
varyingspectralindex. This sevenparametermodelis our best�t to thefull dataset. In §6,we relaxsome
of the minimal assumptionsof the modelby addingextra parametersto the model. We examinenon-�at
models,dark energy modelsin which the propertiesof the dark energy areparameterizedby an effective
equationof state,andmodelswith gravity waves. By addingextra parameterswe introducedegenerate
setsof modelsconsistentwith the WMAP dataalone. We lift thesedegeneraciesby includingadditional
microwave backgrounddata-sets(CBI, ACBAR) andobservationsof large-scalestructure. We usethese
combineddatasetsto placestronglimits on the geometryof the universe,the neutrinomass,the energy
densityin gravity waves,andthe propertiesof the dark energy. In §7, we notean intriguing discrepancy
betweenthestandardmodelandtheWMAP dataon the largestangularscalesandspeculateon its origin.
In §8,weconcludeandpresentparametersfor ourbest�t model.

2. BAYESIAN ANALYSIS OF COSMOLOGICAL DATA

Thebasicapproachof this paperis to �nd thesimplestmodelconsistentwith cosmologicaldata.We
begin by �tting a simplesix parametermodel�rst to theWMAP dataandthento othercosmologicaldata
sets.Wethenconsidermorecomplex cosmologicalmodelsandevaluatewhetherthey areabetterdescription
of thecosmologicaldata.SinceKomatsuetal. (2003)foundnoevidencefor non-Gaussianityin theWMAP
data,we assumethe primordial �uctuations areGaussianrandomphasethroughoutthis paper. For each
modelstudiedin the paper, we usea Monte Carlo Markov Chain to explore the likelihoodsurface. We
assume�at priors in our basicparameters,imposepositivity constraintson the matterandbaryondensity
(theselimits lie at suchlow likelihood that they areunimportantfor the models. We assumea �at prior
in � , the optical depth,but bound � � 0 � 3. This prior haslittle effect on the �ts but keepsthe Markov
Chainout of unphysicalregionsof parameterspace.For eachmodel,we determinethebest�t parameters
from thepeakof theN-dimensionallikelihoodsurface.For eachparameterin themodelwe alsocompute
its onedimensionallikelihoodfunctionby marginalizingover all otherparameters;we thenquotethe (1-
dimensional)expectationvalue12 asourbestestimatefor theparameter:

�
� i � =

�
dN ��� ( � ) � i � (1)

where �� denotesa point in theN-dimensionalparameterspace(in our applicationthesearepoints–setsof
cosmologicalparameters–in theoutputof theMarkov Chain), � denotesthelikelihood(in our application

12In a MonteCarloMarkov Chain,it is a morerobustquantitythanthemodeof thea posteriorimarginalizeddistribution.
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the “weight” given by the chain to eachpoint). The WMAP temperature(TT) angularpower spectrum
andtheWMAP temperature-polarization (TE) angularpower spectrumareour coredatasetsfor thelikeli-
hoodanalysis.Hinshaw et al. (2003b)andKogutet al. (2003)describehow to obtainthetemperatureand
temperature-polarization angularpower spectrarespectively from the maps. Verdeet al. (2003)describes
ourbasicmethodologyfor evaluatingthelikelihoodfunctionsusingaMonteCarloMarkov Chainalgorithm
andfor including data-setsotherthanWMAP in our analysis. In additionto WMAP datawe userecent
resultsfrom theCBI (Pearsonetal. 2002)andACBAR (Kuoetal. 2002)experiments.Wealsousethe2dF-
GRSmeasurementsof thepower spectrum(Percival etal. 2001)andthebiasparameter(Verdeetal. 2002),
measurementsof theLyman � power spectrum(Croft et al. 2002;Gnedin& Hamilton2002),supernova Ia
measurementsof theangulardiameterdistancerelation(Garnavich et al. 1998;Riesset al. 2001),andthe
HubbleSpaceTelescopeKey Projectmeasurementsof the local expansionrateof theuniverse(Freedman
etal. 2001).

3. POWER LAW
�

CDM MODEL AND THE WMAP DATA

Webegin by consideringabasiccosmologicalmodel:a�at Universewith radiation,baryons,colddark
matterandcosmologicalconstant,andapower-law powerspectrumof adiabaticprimordial�uctuations.As
we will see,this modeldoesa remarkablygoodjob of describingWMAP TT andTE power spectrawith
only six parameters:the Hubbleconstanth (in units of 100 km/s/Mpc), the physicalmatterandbaryon
densitieswm � � mh2 andwb � � bh2, theopticaldepthto thedecouplingsurface,� , thescalarspectralindex
ns andA, the normalizationparameterin the CMBFAST codeversion4.1 with option UNNORM. Verde
et al. (2003)discussesthe relationshipbetweenA andthe amplitudeof curvature�uctuations at horizon
crossing,

� �
R
� 2 = 2 � 95 � 10- 9A. In §4,weshow thatthismodelis alsoin acceptableagreementwith awide

rangeof astronomicaldata.

This simplemodelprovidesanacceptable�t to boththeWMAP TT andTE data(seeFigure1 and2).
Thereduced13 � 2

ef f for thefull �t is 1.066for 1342degreesof freedom,which hasa probabilityof � 5%.
For theTT dataalone,� 2

ef f ��� = 1 � 09, which for 893degreesof freedomhasa probabilityof 3%. Most of
theexcess� 2

ef f is dueto theinability of themodelto �t sharpfeaturesin thepower spectrumnearl � 120,
the �rst TT peakandat l � 350. In Figure4 we show thecontribution to � 2

ef f permultipole. Theoverall
excessvarianceis likely dueto our not includingseveraleffects,eachcontributing roughly0 � 5- 1% to our
power spectrumcovariancenearthe�rst peakandtrough:gravitational lensingof theCMB (Hu 2001),the
spatialvariationsin theeffective beamof theWMAP experimentdueto variationsin our scanorientation
betweentheeclipticpoleandplaneregions(Pageet al. 2003a;Hinshaw et al. 2003a),andnon-Gaussianity
in thenoisemapsdueto the1� f striping. Includingtheseeffectswould increaseour estimateof thepower
spectrumuncertaintiesandimprove our estimateof � 2

ef f . Ournext datareleasewill includethecorrections

13Here, 	 2
ef f 
 - 2ln � and � is numberof dataminusthenumberof parameters.Wehaveused100,000MonteCarlorealization

of theWMAP datawith ourmask,noiseandangle-averagedbeamsandfoundthatthe 
 - 2ln ������� = 1 for thesimulatedtemperature
data.
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anderrorsassociatedwith thebeamasymmetries.The featuresin themeasuredpower spectrumcouldbe
dueto underlyingfeaturesin theprimordialpower spectrum(see§5 of Peiriset al. (2003)),but we do not
yetattachcosmologicalsigni�canceto them.

Table1 liststhebest�t parametersusingtheWMAP dataalonefor thismodelandFigure(3) showsthe
marginalizedprobabilitiesfor eachof thebasicparametersin themodel. Thevaluesin thesecondcolumn
of Table1 (andthesubsequentparametertables)areexpectationvaluesfor themarginalizeddistribution of
eachparameterandtheerrorsarethe68%con�denceinterval. Thevaluesin thethird columnarethevalues
at thepeakof the likelihoodfunction. Sincewe areprojectinga high dimensionallikelihoodfunction,the
peakof thelikelihoodis not thesameastheexpectationvalueof aparameter. Mostof thebasicparameters
areremarkablywell determinedwithin thecontext of thismodel.Ourmostsigni�cant parameterdegeneracy
(seeFigure5) is a degeneracy betweenns and � . TheTE datafavors � � 0 � 17 (Kogutet al. 2003);on the
other hand, the low value of the quadrupole(seeFigure 1 and §7) and the relatively low amplitudeof
�uctuationsfor l � 10disfavorshigh � asreionizationproducesadditionallargescaleanisotropies.Because
of thecombinationof thesetwo effects,thelikelihoodsurfaceis quite�at at its peak:thelikelihoodchanges
by only 0 � 05 as � changesfrom 0 � 11- 0 � 19. This particularshapedependsupon the assumedform of
thepower spectrum:in §5.2,we show thatmodelswith a scale-dependentspectralindex have a narrower
likelihoodfunctionthatis morecenteredaround� = 0 � 17.

SincetheWMAP dataallows usto accuratelydeterminemany of thebasiccosmologicalparameters,
we cannow infer a numberof importantderivedquantitiesto very high accuracy; wedo this by computing
thesequantitiesfor eachmodelin theMCMC andusethechainto determinetheir expectationvaluesand
uncertainties.

Table2 listscosmologicalparametersbasedon�tting apowerlaw (PL) CDM modelto theWMAP data
only. Theparameterstdec andzdec aredeterminedby usingtheCMBFAST code(Seljak& Zaldarriaga1996)
to computetheredshiftof theCMB “photosphere”(thepeakin thephotonvisibility function).Wedetermine
the thicknessof thedecouplingsurfaceby measuring

�
zdec and

�
tdec, the full-width at half maximumof

thevisibility function.Theageof theUniverseis derivedby integratingtheFriedmannequation,and � 8 (the
linear theorypredictionsfor the amplitudeof �uctuations within 8 Mpc/h spheres)from the linear matter
power spectrumatz= 0 is computedby CMBFAST.

4. COMPARSION WITH ASTRONOMICAL PREDICTIONS

In this section,we comparethe predictionsof the best�t power law
�

CDM modelto othercosmo-
logical observations. We alsolist in Table10 thebest�t modelto the full dataset: a

�
CDM modelwith

a runningspectralindex (see§5.2). In particularwe considerdeterminationsof the local expansionrate
(i.e. the Hubbleconstant),the amplitudeof �uctuations on galaxyscales,the baryonabundance,agesof
theoldeststars,large scalestructuredataandsupernova Ia data.We alsoconsiderif our determinationof
thereionizationredshiftis consistentwith thepredictionfor structureformationin ourbest�t Universeand
with recentmodelsof reionization.In §5 and6, weaddsomeof thesedatasetsto theWMAP datato better
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constrainparametersandcosmologicalmodels.

4.1. Hubble Constant

CMB observationsdonotdirectlymeasurethelocalexpansionrateof theUniverseratherthey measure
theconformaldistanceto thedecouplingsurfaceandthematter-radiationratio throughtheamplitudeof the
early IntegratedSachsWolfe (ISW) contribution relative to theheightof the �rst peak.For our power law�

CDM model,this is enoughinformationto “predict” thelocalexpansionrate.Thus,localHubbleconstant
measurementsareanimportanttestof ourbasicmodel.

TheHubbleKey Project(Freedmanetal.2001)hascarriedoutanextensiveprogramof usingCepheids
to calibrateseveraldifferentsecondarydistanceindicators(TypeIa supernovae,Tully-Fisher, TypeII super-
novae,andsurfacebrightness�uctuations). With a distancemodulusof 18� 5 for theLMC, their combined
estimatefor the Hubbleconstantis H0 = 72 � 3(stat� ) � 7(systematic) km/s/Mpc. Theagreementbetween
theHST Key Projectvalueandour value,h = 0 � 72 � 0 � 05, is striking, given that the two methodsrely on
differentobservables,differentunderlyingphysics,anddifferentmodelassumptions.

As wewill show in §6,modelswith equationof statefor thedarkenergy verydifferentfrom acosmo-
logicalconstant(i.e.,w= - 1) only �t theWMAP dataif theHubbleconstantis muchsmallerthantheHubble
Key Projectvalue.An independentdeterminationof theHubbleconstantthatmakesdifferentassumptions
thanthetraditionaldistanceladdercanbeobtainedby combiningSunyaev-Zel'dovich andX-ray �ux mea-
surementsof clustersof galaxies,undertheassumptionof sphericityfor thedensityandtemperaturepro�le
of clusters.Thismethodis sensitive to theHubbleconstantat intermediateredshifts(z � 0 � 5), ratherthanin
thenearbyuniverse.Reeseet al. (2002),Joneset al. (2001),andMasonet al. (2001)have obtainedvalues
for theHubbleconstantsystematicallysmallerthan,theHubbleKey ProjectandWMAP

�
CDM modelde-

terminations,but all consistentat the1� level. Table(3) summarizesrecentHubbleconstantdeterminations
andcomparesthemwith theWMAP

�
CDM modelvalue.

4.2. Amplitude of Fluctuations

Theoverallamplitudeof �uctuationson large-scalestructurescaleshasbeenrecentlydeterminedfrom
weaklensingsurveys, clustersnumbercountsandpeculiarvelocitiesfrom galaxysurveys. Weaklensing
surveysandpeculiarvelocitymeasurementsaremostsensitive to thecombination� 8 � 0 � 6

m , clusterabundance
at low redshift is sensitive to a very similar parametercombination � 8 � 0 � 5

m , but countsof high redshift
clusterscanbreakthedegeneracy.
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Table1. PowerLaw
�

CDM ModelParameters-WMAP DataOnly

Parameter Mean(68%con�dencerange) MaximumLikelihood

BaryonDensity � bh2 0 � 024 � 0 � 001 0.023
MatterDensity � mh2 0 � 14 � 0 � 02 0.13
HubbleConstant h 0 � 72 � 0 � 05 0.68
Amplitude A 0 � 9 � 0 � 1 0.78
OpticalDepth � 0 � 166+0 � 076

- 0 � 071 0.10
SpectralIndex ns 0 � 99 � 0 � 04 0.97� 2

ef f ��� 1431/1342

aFit to WMAP dataonly



– 8 –

Table2. DerivedCosmologicalParameters

Parameter Mean(68%con�dencerange)

Amplitudeof GalaxyFluctuations � 8 = 0 � 9 � 0 � 1
CharacteristicAmplitudeof VelocityFluctuations � 8 � 0 � 6

m = 0 � 44 � 0 � 10
BaryonDensity/CriticalDensity � b = 0 � 047 � 0 � 006
MatterDensity/CriticalDensity � m = 0 � 29 � 0 � 07
Ageof theUniverse t0 = 13� 4 � 0 � 3 Gyr
Redshiftof Reionizationb zr = 17 � 5
RedshiftatDecoupling zdec = 1088+1

- 2

Ageof theUniverseat Decoupling tdec = 372 � 14 kyr
Thicknessof Surfaceof LastScatter

�
zdec = 194 � 2

Thicknessof Surfaceof LastScatter
�

tdec = 115 � 5 kyr
RedshiftatMatter/RadiationEquality zeq = 3454+385

- 392

SoundHorizonat Decoupling rs = 144 � 4 Mpc
AngularDiameterDistanceto theDecouplingSurface dA = 13� 7 � 0 � 5 Gpc
AcousticAngularScalec �

A = 299 � 2
CurrentDensityof Baryons nb = (2 � 7 � 0 � 1) � 10- 7 cm- 3

Baryon/PhotonRatio � = (6 � 5+0 � 4
- 0 � 3) � 10- 10

aFit to theWMAP dataonly

bAssumesionizationfraction,xe = 1

c lA = � dC � rs

Table3. RecentHubbleConstantDeterminations

Method Mean(68%con�dencerange) Reference

HubbleKey Project 72 � 3 � 7 Freedmanetal. (2001)
SZE+ X-ray 60 � 4+13

- 18 Reeseet al. (2002)
66+14

- 11 � 15 Masonetal. (2001)
WMAP PL

�
CDM model 72 � 5 §3
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4.2.1. WeakLensing

Weaklensingdirectly probesthe amplitudeof mass�uctuations alongthe line of sight to the back-
groundgalaxies.Oncetheredshiftdistribution of thebackgroundgalaxiesis known, this techniquedirectly
probesgravitationalpotential�uctuations,andthereforecanbeeasilycomparedwith our CMB modelpre-
dictionsfor theamplitudeof dark matter�uctuations. Severalgroupshave reportedweakshearmeasure-
mentswithin thepastyear(seeTable4 andVanWaerbeke et al. (2002a)for recentreview): while thereis
signi�cant scatterin thereportedamplitude,thebest�t modelto theWMAP datalies in themiddleof the
reportedrange.As theseshearmeasurementscontinueto improve, thecombinationof WMAP observations
andlensingmeasurementswill beapowerful probeof cosmologicalmodels.

4.2.2. Galaxyvelocity�elds

The galaxyvelocity �elds areanotherimportantprobeof the large scaledistribution of matter. The
Willick & Strauss(1998)analysisof theMark III velocity �elds andtheIRAS redshiftsurvey yields � IRAS=
0 � 50 � 0 � 04. IRAS galaxiesare lessclusteredthan optically selectedgalaxies;Fisheret al. (1994) �nd

� IRAS
8 = 0 � 69 � 0 � 04 implying � mass

8 � 0 � 6
m = 0 � 345 � 0 � 05, consistentwith our

�
CDM modelvalueof 0 � 44 �

0 � 10.

4.2.3. ClusterNumberCounts

Ourbest�t to theWMAP datais � 8 � 0 � 5
m = 0 � 48 � 0 � 12. Bahcalletal. (2002b)recentstudyof themass

functionof 300clustersatredshifts0 � 1 � z � 0 � 2 in theearlySDSSdatareleaseyields � 8 � 0 � 5
m = 0 � 33 � 0 � 03.

This differencemayre�ect thesensitivity of theclustermeasurementsto theconversionof clusterrichness
to mass.Observationsof themassfunctionof high redshiftclustersbreakthedegeneracy between� 8 and

� m. TherecentBahcall& Bode(2002)analysisof theabundanceof massive clustersat z= 0 � 5- 0 � 8 yields
� 8 = 0 � 95 � 0 � 1 for � m = 0 � 25. Other clusteranalysisyield different values: Borgani et al. (2001) best
�t valuesfor a large sampleof X-ray clustersare � 8 = 0 � 66+0 � 05

- 0 � 05 and � m = 0 � 35+0 � 13
- 0 � 10. On the otherhand,

Reiprich& Böhringer(2002)�nd very differentvalues: � 8 = 0 � 96+0 � 15
- 0 � 12 and � m = 0 � 12+0 � 06

- 0 � 04. Pierpaoliet al.
(2002)discussthewide rangeof valuesthatdifferentX-ray analyses�nd for � 8. With thelargerREFLEX
sample,Schuecker et al. (2003a)�nd � 8 = 0 � 711+0 � 039

- 0 � 031
+0 � 120
- 0 � 162 and � m = 0 � 341+0 � 031

- 0 � 029
+0 � 087
- 0 � 071, wherethesecond

setof errorsincludethesystematicuncertainties.Thebest�t WMAP valueslie in themiddleof therelevant
range.

Measurementsof the contribution to the CMB power spectrumon small scalesfrom the Sunyaev-
Zel'dovich effect also probethe numberdensityof high redshift clusters. The recentCBI detectionof
excess�uctuations(Masonet al. 2001;Bondetal. 2002)at ��� 1500implies � 8 = 1 � 04 � 0 � 12 (Komatsu&
Seljak2002),if thesignalis dueto theSunyaev-Zel'dovich effect.
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Table4. Amplitudeof Fluctuations,� 8

Method Mean(68%con�dencerange) Reference

PL
�

CDM + WMAP 0 � 9 � 0 � 1 §3
WeakLensinga� b 0 � 72 � 0 � 18 Brown etal. (2002)

0 � 86+0� 10
- 0� 09 Hoekstraetal. (2002)

0 � 69+0� 12
- 0� 16 Jarvisetal. (2002)

0 � 96 � 0 � 12 Baconetal. (2002)
0 � 92 � 0 � 2 Refregier etal. (2002)
0 � 98 � 0 � 12 VanWaerbeke et al. (2002b)

GalaxyVelocityFieldsb 0 � 73 � 0 � 1 Willick & Strauss(1998)
CBI SZ detection 1 � 04 � 0 � 12c Komatsu& Seljak(2002)
High redshiftclustersb 0 � 95 � 0 � 1 Bahcall& Bode(2002)

aSincemostweak lensingpapersreport95% con�dencelimits in their papers,the table lists the 95%
con�dencelimit for theseexperiments.

bAll of the � 8 measurementshavebeennormalizedto � m = 0 � 287,thebest�t valuefor a �t to theWMAP
dataonly.

c95%con�dencelimit
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4.3. Baryon Abundance

Both theamplitudeof theacousticpeaksin theCMB spectrum(Bond& Efstathiou1984)andthepri-
mordialabundanceof Deuterium(Boesgaard& Steigman1985)aresensitive functionsof thecosmological
baryondensity. Sincetheheightandpositionof theacousticpeaksdependuponthepropertiesof thecosmic
plasma372,000yearsaftertheBig BangandtheDeuteriumabundancedependsonphysicsonly threemin-
utesafter theBig Bang,comparingthebaryondensityconstraintsinferredfrom thesetwo differentprobes
providesan importanttestof the Big Bangmodel. The best�t baryonabundancebasedon WMAP data
only for thePL LCDM model, � bh2 = 0 � 024� 0 � 001,impliesabaryon/photonratioof � = (6 � 5+0� 4

- 0� 3) � 10- 10 .
For this abundance,standardbig bangnucleosynthesis(Burleset al. 2001)impliesa primordialDeuterium
abundancerelative to Hydrogen:[D]/[H] = 2 � 37+0� 19

- 0� 21 � 10- 5. As it will beclearfrom §5 and6, thebest�t
� bh2 valuefor our �ts is relatively insensitive to cosmologicalmodelanddatasetcombinationasit depends
primarily on the ratio of the �rst to secondpeakheights(Pageet al. 2003b). For the runningspectralin-
dex modeldiscussedin §5.2,thebest�t baryonabundance,� bh2 = 0 � 0224� 0 � 0009,impliesa primordial
[D]/[H] = 2 � 62+0 � 18

- 0 � 20 � 10- 5.

How doestheprimordialDeuteriumabundanceinferredfrom CMB comparewith thatobserved from
theISM?Galacticchemicalevolutiondestroys DeuteriumbecausetheDeuteriumnucleusis relatively frag-
ile andis easilydestroyedin stars.Thus,measurementsof theDeuteriumabundancewithin theGalaxyare
usuallytreatedaslower limits on theprimordialabundance(Epsteinet al. 1976). Local measurementsof
D andH absorption�nd [D/H] abundancenear1 � 5 � 10- 5, while moredistantmeasurementsby IMAP and
FUSE�nd signi�cant variationin Deuteriumabundancessuggestinga complex Galacticchemicalhistory
(Jenkinsetal. 1999;Sonnebornetal. 2000;Moosetal. 2002).

Observationsof Lyman � cloudsreducetheneedto correcttheDeuteriumabundancefor stellarpro-
cessingasthesesystemshave low (but non-zero)metalabundances.Theseobservationsrequireidentifying
gassystemsthatdo nothave seriousinterferencefrom theLyman � forest.TheKirkmanet al. (2003)anal-
ysisof QSOHS243+3057yieldsaD/H ratioof 2 � 42+0 � 35

- 0 � 25 � 10- 5. They combinethismeasurementwith four
otherD/H measurements(Q0130-4021:D/H � 6 � 8 � 10- 5, Q1009+2956:3 � 98 � 0 � 70 � 10- 5, PKS 1937-
1009: 3 � 25 � 0 � 28 � 10- 5, andQSOHS0105+1619:2 � 5 � 0 � 25 � 10- 5), to obtain their currentbestD/H
ratio: 2 � 78+0 � 44

- 0 � 38 � 10- 5 implying � bh2 = 0 � 0214� 0 � 0020. D'Odorico et al. (2001)�nd 2 � 24 � 0 � 67 � 10- 5

from their observationsof Q0347-3819(althougha reanalysisof the systemby Levshakov et al. (2003)
�nds ahigherD/H value:3 � 75 � 0 � 25. Pettini& Bowen(2001)reportaD/H abundanceof 1 � 65 � 0 � 35 � 10- 5

from STISmeasurementsof QSO2206-199,a low metallicity (Z � 1� 200)DampedLyman � system.The
WMAP valueliesbetweenthePettini& Bowen(2001)estimatefrom DLAs, � bh2 = 0 � 025� 0 � 001,andthe
Kirkman et al. (2003)estimateof � bh2 = 0 � 0214� 0 � 0020Theremarkableagreementbetweenthebaryon
densityinferredfrom D/H valuesandour measurementsis an importanttriumph for the basicBig Bang
model.
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Table5. Measuredratioof Deuteriumto Hydrogen

Quasar [D]/[H] Reference

Q0130-403 � 6 � 8 � 10- 5 Kirkmanetal. (2000)
PKS1937-1009 3 � 25 � 0 � 3 � 10- 5 Burles& Tytler (1998a)
Q1009+299 4 � 0 � 0 � 65 � 10- 5 Burles& Tytler (1998b)
HS0105+1619 2 � 5 � 0 � 25 � 10- 5 O'Mearaetal. (2001)
Q2206-199 1 � 65 � 0 � 35 � 10- 5 Pettini& Bowen(2001)
Q0347-383 3 � 75 � 0 � 25 � 10- 5 Levshakov et al. (2003)
Q1234+3047 2 � 42+0� 35

- 0� 25 � 10- 5 Kirkmanetal. (2003)

Table6. CosmicAge

Method Age

WMAP data(
�

CDM) 13� 4 � 0 � 3 Gyr
WMAPext+ LSS 13� 7 � 0 � 2Gyr
Globular ClusterAges � 11- 16Gyr
WhiteDwarf � 12� 7 � 0 � 7 Gyr
OGLEGC-17 � 10� 4- 12� 8 Gyr
Radioactive dating � 9 � 5- 20Gyr
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4.4. CosmicAges

Theageof theUniversebasedon thebest�t to WMAP dataonly, t0 = 13� 4 � 0 � 3 Gyr. However, the
additionof otherdatasets(see§5) implies a lower matterdensityanda slightly larger age. The best�t
agefor thepower law modelbasedon a combinationof WMAP , 2dFGRSandLyman � forestdatais t0 =
13� 6 � 0 � 2Gyr. Thebest�t agefor thesamedatasetfor therunningindex modelof §5.2is t0 = 13� 7 � 0 � 2Gyr.
(SeeHu et al. 2001Hu (Fukugita)andKnox, Christensen& Skordis (2001)for discussionsof usingCMB
datato determinecosmologicalages.)

A lower limit to the ageof the universecanindependentlybe obtainedfrom datingtheoldeststellar
populations.Thishasbeendonetraditionallyby datingtheoldeststarsin theMilk y Way(seee.g.,Chaboyer
(1998);Jimenez(1999)). For this program,globular clustersarean excellent laboratoryfor constraining
the ageof the universe: eachclusterhasa chemicallyhomogeneouspopulationof starsall born nearly
simultaneously. The main uncertaintyin the agedeterminationcomesfrom the poorly known distance
(Chaboyer 1995). Well-understoodstellarpopulationsareuseful tools for constrainingclusterdistances:
Renziniet al. (1996)usedthe white dwarf sequenceto obtainan ageof 14� 5 � 1 � 5 Gyr for NGC 6752.
Jimenezetal.(1996).usingadistance-independentmethoddeterminedtheageof theoldestglobularclusters
to be 13� 5 � 2 Gyr. Using the luminosity function method,Jimenez& Padoan(1998) found an ageof
12� 5 � 1 � 0 Gyr for M55. This methodgivesa joint constrainton the distanceandthe ageof the globular
cluster. Othergroups�nd consistentages:Grattonetal. (1997)estimateanageof 11.8+2 � 1

- 2 � 5 Gyr for theoldest
Galacticglobulars;VandenBerg et al. (2002)estimatesanageof � 13� 5 Gyr for M92. Chaboyer & Krauss
(2003)review theglobular clusteranalysisandquoteabest�t ageof 13.4Gyr.

Observationsof eclipsingdoubleline spectroscopicbinariesenableglobularclusteragedeterminations
thatavoid theconsiderableuncertaintyassociatedwith theglobular clusterdistancescale(Paczynski1997).
Thompsonet al. (2001)wereable to obtaina high precisionmassestimatefor the detacheddoubleline
spectroscopicbinary, OGLEGC-17in � - Cen. Using theage/turnoff massrelationship,theKaluzny et al.
(2002)analysisof this systemyieldedanagefor this binaryof 11� 8 � 0 � 6 Gyr. Chaboyer & Krauss(2002)
re-analysisof theage/turnoff massrelationshipfor thissystemyieldsasimilarageestimate:11� 1 � 0 � 67Gyr.
TheWMAP determinationof theageof theuniverseimpliesthatglobular clustersform within 2 Gyr after
the Big Bang,a reasonableestimatethat is consistentwith structureformationin the

�
CDM cosmology.

Whitedwarf datingprovidesanalternative approachto thetraditionalstudiesof themainsequenceturn-off.
Richeretal. (2002)andHansenetal. (2002)�nd anagefor theglobular clusterM4 of 12� 7 � 0 � 7 Gyrs(2 �
errors, � 0 � 35 at the1 � level assumingGaussianerrors)usingthewhite dwarfscoolingsequencemethod.
Theseresults,which yield anagecloseto thecosmologicalage,arepotentiallyvery useful: furthertestsof
theassumptionsof thewhitedwarf agedatingmethodwill clarify its systematicuncertainties.

Observationsof nearbyhalostarsenableastronomersto obtainspectraof variousradio-isotopes.By
measuringisotopicratios,they infer stellaragesthatareindependentof muchof thephysicsthatdetermines
mainsequenceturn-off (seeThielemannet al. (2002)for a recentreview). Thesestudiesyield stellarages
consistentwith both theglobular clusteragesandtheagesin our best�t models.Clayton (1988)usinga
rangeof chemicalevolutionmodelsfor theGalaxy�nds agesbetween12- 20Gyr. Schatzetal. (2002)study
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ThoriumandUraniumin CS31082-001andestimateanageof 15� 5 � 3 � 2 Gyr for ther-processelementsin
thestar. Othergroups�nd similar estimates:theCayrelet al. (2001)analysisof U-238in theold halostar
CS31082-001yieldsanageof 12� 5 � 3 Gyr, while Hill et al. (2002)�nd anageof 14� 0 � 2 � 4 Gyr. Studies
of otherold halostarsyield similar estimates:Cowanet al. (1999)two starsCS22892-052andHD115444
�nd 15� 6 � 4 � 6 Gyr.

Table6 summarizesthe lower limits on the ageof the universefrom variousastronomicalmeasure-
ments.While theerrorson thesemeasurementsremaintoo large to effectively constrainparameters,they
provide animportantconsistency checkon ourbasiccosmologicalmodel.

4.5. Lar geScaleStructure

The large scalestructureobservationsandthe Lyman � forestdatacomplementthe CMB measure-
mentsby measuringsimilar physicalscalesat very differentepochs.TheWMAP angularpower spectrum
hasthesmallestuncertaintiesnear � � 300,which correspondto wavenumbersk � 0 � 02 Mpc- 1. With the
ACBAR results,ourCMB datasetextendsto � � 1800,correspondingto k � 0 � 1 Mpc- 1. If weassumethat
gravity is theprimary forcedeterminingthe large-scaledistribution of matterandthatgalaxiestracemass
at leaston largescales,thenwe candirectly compareour best�t

�
CDM model(with parameters�t to the

WMAP data)to observationsof large scaledistribution of galaxies.Therearecurrentlytwo major ongo-
ing largescalestructuresurveys: theAnglo-AustralianTelescopetwo degree�eld GalaxyRedshiftSurvey
(2dFGRS)(Collesset al. 2001),andtheSloanDigital Sky Survey14 (SDSS).Largescalestructuredatasets
area powerful tool for breakingmany of theparameterdegeneraciesassociatedwith CMB data.In §5,we
make extensive useof the2dFGRSdataset.

Figure6 shows thatthe
�

CDM modelobtainedfrom theWMAP dataaloneis anacceptable�t to the
2dFGRSpowerspectrum.Thebest�t has� = 0 � 45 consistentwith Peacocketal. (2001)measuredvalueof
� = 0 � 43 � 0 � 07.

TheLyman � forestobservationsareanimportantcomplementto CMB observationssincethey probe
the linearmatterpower spectrumat z= 2- 3 (Croft et al. 1998,2002). Theseobservationsaresensitive to
smalllengthscales,inaccessibleto CMB experiments.Unfortunately, therelationshipbetweenthemeasured
�ux powerspectrumandthelinearpowerspectrumis complex (Gnedin& Hamilton2002;Croft etal. 2002)
andneedsto becalibratedby numericalsimulations.In Verdeetal. (2003),wedescribeourmethodologyfor
incorporatingtheLyman � forestdatainto our likelihoodapproach.Figure6 comparesthepredictedpower
spectrafor thebest�t

�
CDM modelto thelinearpowerspectrainferredby Gnedin& Hamilton(2002)and

by Croft et al. (2002).

14www.sdss.org
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4.6. Supernova Data

Over thepastdecade,TypeIa supernovaehave emergedasimportantcosmologicalprobes.Oncesu-
pernova light curveshavebeencorrectedusingthecorrelationbetweendeclinerateandluminosity(Phillips
1993;Riesset al. 1995) they appearto be remarkablygoodstandardcandles.Systematicstudiesby the
supernova cosmologyproject(Perlmutteret al. 1999)andby thehigh z supernova searchteam(Riesset al.
1998)provideevidencefor anacceleratinguniverse.Thecombinationof thelargescalestructure,CMB and
supernova dataprovide strongevidencefor a �at universedominatedby a cosmologicalconstant(Bahcall
et al. 1999). Sincethesupernova dataprobesthe luminositydistanceversusredshiftrelationshipat mod-
erateredshiftz � 2 andthe CMB dataprobesthe angulardiameterdistancerelationshipto high redshift
(z � 1089), the two datasetsarecomplementary. The supernova constrainton cosmologicalparameters
areconsistentwith the

�
CDM WMAP model. As we will seein the discussionof non-�at modelsand

quintessencemodels,theSNIa likelihoodsurfacein the � m - ��� andin the � m - w planesprovidesuseful
additionalconstraintson cosmologicalparameters.

4.7. Reionization& Small ScalePower

TheWMAP detectionof reionization(Kogutetal.2003)impliestheexistenceof anearlygenerationof
starsableto reionizetheUniverseatz � 20. Is thisearlystarformationcompatiblewith ourbest�t

�
CDM

cosmologicalmodel?We canevaluatethis effect by �rst computingthefractionof collapsedobjects,fDM,
atagivenredshift:

fDM(z) =
1
�

0

���
Mmin

�
(M � z)MdM � (2)

where
�

(M � z) is the Sheth& Tormen(1999)massfunction. The �rst starscorrespondto extremelyrare
�uctuationsof theoverdensity�eld: Eq. (2) is verysensitive to thetail of themassfunction.Thusthevery
smallchangein theminimummassneededfor starformationresultsin asigni�cant changein thefractionof
collapsedobjects.Theminimumhalomassfor starformation,Mmin, is controversialanddependsonwhether
molecularhydrogen(H2) is availableasa coolant.If thegastemperatureis �x edto theCMB temperature,
thentheJeanMass,M j = 106M � . If molecularhydrogenis available,thentheJeansmassbeforereionization
is M j � � 2 � 2 � 103[ � b � h( � m)]1 � 5(1+z) � 10 for z � 150(Venkatesanetal.2001).At z � 150,theelectronsare
thermallycoupledto theCMB photons.However, asHaimanetal. (1997)pointout,asmallUV background
generatedby the�rst sourceswill dissociateH2, thusmakingtheminimummassmuchlargerthantheJeans
mass. They suggestusinga minimum massthat is muchhigher: MHRL

min (z) = 108(1+ z) � 10)- 3� 2. On the
otherhandif the�rst starsgenerateda signi�cant �ux of X-rays(Oh 2001)thenthis would have promoted
molecularhydrogenformation(Haimanet al. 2000;Venkatesanet al. 2001;Cen2002).Thusloweringthe
minimummassbackto M j .

Following Tegmark & Silk (1995) we estimatethe rate of reionizationby multiplying the collapse
factorby anef�ciency factor. A fractionof baryonsin theuniverse,fb, falls into thenon-linearstructures.
Weassumefb = fDM (i.e.,constantbaryon/darkmatterratio). A certainfractionof thesebaryonsform stars
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or quasars,fburn, which emit UV radiationwith someef�ciency, fUV . Someof this radiationescapesinto
the intergalacticmediumphotoionizingit; however, thenetnumberof ionizationsperUV photons,f ion, is
expectedto belessthanunity (dueto coolingandrecombinations).Finally theintergalacticmediummight
be clumpy, makingthe photoionizationprocesslessef�cient. This effect is countedfor by the clumping
factorCclump. Thusin this approximationthe ionizationfraction is given by: xe = 3 � 8 � 105 fnet fb where
fnet = fburn fUV fescfion � Cclump. The factor3 � 8 � 105 arisesbecause7 � 3 � 10- 3 of the restmassis released
in theburning of hydrogento heliumandwe assumetheprimordialheliummassfraction to be 24%. We
assumefburn � 25%, fesc � 50%, fUV � 50%, fion � 90%,and1 � Cclump � 100,thus fnet � 5 � 6 � 10- 3.

Figure7 shows the fraction of collapsedobjectsandthe maximumionizationfraction asa function
of redshiftfor our best�t WMAP

�
CDM model. Thesolid linescorrespondto Mmin = MHRL

min (z) while the
dashedlinescorrespondto Mmin = M j . TheWMAP detectionof reionizationat high redshiftsuggeststhat
H2 coolinglikely playedanimportantrole in earlystarformation.

Becauseearlyreionizationrequirestheexistenceof smallscale�uctuations,theWMAP TE detection
hasimportantimplicationsfor ourunderstandingof thenatureof thedarkmatter. Barkanaetal. (2001)note
thatthedetectionof reionizationat z � 10 rulesout warmdarkmatterasa viablecandidatefor themissing
massasstructureformsvery latein thesemodels.Warmdarkmattercannot clusteron scalessmallerthan
thedarkmatterJeans'mass.Thus,this limit appliesregardlessof whethertheminimummassis M HRL or
M j .

5. COMBINING DATA SETS

In this section,we combinetheWMAP datawith otherCMB experimentsthatprobesmallerangular
scales(ACBAR andCBI) 15 andwith astronomicalmeasurementsof thepower spectrum(the2dFGRSand
Lyman � forest).Webegin by exploringhow includingthesedatasetsaffectsourbest�t power law

�
CDM

modelparameters(§5.1). Theadditionof datasetsthatprobesmallerscalessystematicallypulls down the
amplitudeof the �uctuations in the best�t model. This motivatesour explorationof an extensionof the
power law model,a modelwherethe primordial power spectrumof scalardensity�uctuations is �t by a
runningspectralindex (Kosowsky & Turner1995):

P(k) = P(k0)

�
k
k0 � ns(k0)+(1� 2)dns � d lnkln(k � k0)

� (3)

wherewe �x thescalarspectralindex andslopeat k0 = 0 � 05Mpc- 1. Notethatthis de�nition of therunning
index matchesthede�nition usedin Hannestadet al. (2002)analysisof runningspectralindex modelsand
differsby a factorof 2 from theKosowsky & Turner(1995)de�nition. As in thescaleindependentcase,we
de�ne

ns(k) =
dlnP
dlnk

� (4)

15In thefollowing sections,we referto thecombinedWMAP , ACBAR andCBI datasetsasWMAPext.
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Weexplicitly assumethatd2ns � dlnk2 = 0, sothat

ns(k) = ns(k0) +
dns

dlnk
ln

�
k
k0 � � (5)

In §5.2,we show thattherunningspectralindex modelis abetter�t thanthepurepower law modelto
thecombinationof WMAP andotherdatasets.Peirisetal. (2003)explorestheimplicationsof this running
spectralindex for in�ation.

5.1. Power Law CDM Model

Thepower law
�

CDM modelis anacceptable�t to theWMAP data.While it overpredictstheampli-
tudeof �uctuationson largeangularscales(see§6), this deviation maybedueto cosmicvarianceat these
largescales.Intriguingly, it alsooverpredictstheamplitudeof �uctuationson smallangularscales.

Table(7) shows thebest�t parametersfor thepower law
�

CDM modelfor differentcombinationof
datasets.As weaddmoreandmoredataonsmallerscales,thebest�t valuefor theamplitudeof �uctuations
at k = 0 � 05 Mpc- 1 graduallydrops:Whenwe �t to theWMAP dataalone,thebest�t is 0 � 9 � 0 � 1. When
weaddtheCBI, ACBAR and2dFGRSdata,thebest�t valuedropsto 0 � 8 � 0 � 1. Adding theLyman � data
further reducesA to 0 � 75+0 � 08

- 0 � 07. Thebest�t spectralindex shows a similar trend: theadditionof moreand
moresmall scaledatadrivesthebest�t spectralindex to alsochangeby nearly1 � from its best�t value
for WMAP dataonly: 0 � 99 � 0 � 04 (WMAP only) to 0 � 96 � 0 � 02 (WMAPext+2dFGRS+Ly � ). Whenthe
additionof new datacontinuouslypulls a modelaway from its best�t value,this is often thesignatureof
themodelrequiringanew parameter.

5.2. Running Spectral Index
�

CDM Model

In�ationary modelspredictthat thespectralindex of �uctuationsshouldbea slowly varyingfunction
of scale.Peiriset al. (2003)discussesthein�ationary predictionsandshows thata plausiblesetof models
predictsa detectablevaryingspectralindex. Thereareclassesof in�ationary modelsthatpredictminimal
tensormodes.Thissectionexploresthisclassof models.In §6.4,weexploreamoregeneralmodelthathas
botha runningspectralindex andtensormodes.

Table8 shows thebest�t parametersfor therunning(RUN) spectralindex modelasa functionof data
set.Notethatthebest�t parametersfor thesemodelsbarelychangeaswe addnew datasets;however, the
error barsshrink. Whenwe includeall datasets,the best�t valueof the runningof the spectralindex is
- 0 � 031+0 � 016

- 0 � 017: fewer than5%of themodelshave dns � dlnk � 0.

Figure9 shows the the power spectrumasa function of scale. The �gure shows the resultsof our
Markov chainanalysisof thecombinationof WMAP , CBI, ACBAR, 2dFGRSandLyman � data.At each
wavenumber, we computethe rangeof valuesfor thepower law index for all of thepointsin theMarkov
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Table7. BestFit Parameters:PowerLaw
�

CDM

WMAP WMAPext 16a WMAPext+2dFGRS WMAPext+ 2dFGRS+Lyman �

A 0 � 9 � 0 � 1 0 � 8 � 0 � 1 0 � 8 � 0 � 1 0 � 75+0� 08
- 0� 07

ns 0 � 99 � 0 � 04 0 � 97 � 0 � 03 0 � 97 � 0 � 03 0 � 96 � 0 � 02
� 0 � 166+0� 076

- 0� 071 0 � 143+0� 071
- 0� 062 0 � 148+0 � 073

- 0 � 071 0 � 117+0� 057
- 0� 053

h 0 � 72 � 0 � 05 0 � 73 � 0 � 05 0 � 73 � 0 � 03 0 � 72 � 0 � 03
� mh2 0 � 14 � 0 � 02 0 � 13 � 0 � 01 0 � 134 � 0 � 006 0 � 133 � 0 � 006
� bh2 0 � 024 � 0 � 001 0 � 023 � 0 � 001 0 � 023 � 0 � 001 0 � 0226� 0 � 0008� 2

ef f ��� 1429/1341 1440/1352 1468/1381 �����
b

aWMAP +CBI+ACBAR
bSincethe Lyman � datapoints arecorrelated,we do not quotean effective � 2 for the combined

likelihoodincludingLyman � data(seeVerdeetal. (2003)).

Table8. BestFit Parametersfor theRunningSpectralIndex
�

CDM Model

WMAP WMAPext WMAPext+2dFGRS WMAPext+ 2dFGRS+Lyman �

A 0 � 92
�

0 � 12 0 � 9
�

0 � 1 0 � 84
�

0 � 09 0 � 83+0 � 09
- 0 � 08

ns 0 � 93+0 � 07
- 0 � 07 0 � 91

�
0 � 06 0 � 93+0 � 04

- 0 � 05 0 � 93
�

0 � 03
dns � dlnk - 0 � 047

�
0 � 04 - 0 � 055

�
0 � 038 - 0 � 031+0 � 023

- 0 � 025 - 0 � 031+0 � 016
- 0 � 017

� 0 � 20
�

0 � 07 0 � 20
�

0 � 07 0 � 17
�

0 � 06 0 � 17
�

0 � 06
h 0 � 70

�
0 � 05 0 � 71

�
0 � 06 0 � 71

�
0 � 04 0 � 71+0 � 04

- 0 � 03
�

mh2 0 � 14
�

0 � 02 0 � 14
�

0 � 01 0 � 136
�

0 � 009 0 � 135+0 � 008
- 0 � 009

�
bh2 0 � 023

�
0 � 002 0 � 022

�
0 � 001 0 � 022

�
0 � 001 0 � 0224

�
0 � 0009

	 2
ef f � � 1431/1342 1437/1350 1465/1380 *a

aSincetheLyman � datapointsarecorrelated,we do not quote 	 2
ef f for thecombinedlikelihoodincluding

Lyman � data(seeVerdeet al. (2003)).
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chain.The68%and95%contoursateachk valueareshown in Figure9 for the�t to theWMAPext+2dFGRS
+ Lyman � datasets.

Over the comingyear, new datawill signi�cantly improve our ability to measure(or constrain)this
runningspectralindex. Whenwe completeour analysisof the EE power spectrum,theWMAP datawill
placestrongerconstraintson � . Becauseof thens - � degeneracy, this impliesa strongconstrainton ns on
large scales.The SDSScollaborationwill soonreleaseits galaxyspectrumandits measurementsof the
Lyman � forest. Theseobservationswill signi�cantly improve our measurementsof ns on small scales.
Peiriset al. (2003)shows that thedetectionof a runningspectralindex andparticularlythedetectionof a
spectralindex that variesfrom ns

� 1 on large scalesto ns � 1 on small scaleswould severely constrain
in�ationary models.

The running spectralindex model predictsa signi�cantly lower amplitudeof �uctuations on small
scalesthanthestandard

�
CDM model(see�gure 9). Thissuppressionof smallscalepowerhasseveralim-

portantastronomicalimplications:(a) thereductionin smallscalepower makesit moredif�cult to reionize
theuniverseunlessH2 coolingenablesmassdarkhalosto collapseandform galaxies(see§4.7andFigure
10); (b) areductionin thesmallscalepower reducestheamountof substructurewithin galactichalos(Zent-
ner& Bullock 2002)(c) sincesmallobjectsform later, their darkmatterhaloswill be lessconcentratedas
thereis amonotonicrelationshipbetweencollapsetimeandhalocentralconcentration(Navarroetal. 1997;
Ekeetal. 2001;Zentner& Bullock 2002;Wechsleretal. 2002;Huffenberger& Seljak2003).Thereduction
in theamountof substructurewill alsoreduceangularmomentumtransportbetweendarkmatterandbaryons
andwill alsoreducetherateof disk destructionthroughinfall (Toth& Ostriker 1992).We suspectthatour
proposedmodi�cation of theprimordialpower spectrumwill resolve many of the long-standingproblems
of theCDM modelon small scales(seeMoore(1994)andSpergel & Steinhardt(2000)for discussionsof
thefailingsof thepower law

�
CDM modelongalaxyscales).

6. BEYOND THE
�

CDM MODEL

In this section,we considervariousextensionsto the
�

CDM model.In §6.1,we considerdarkenergy
modelswith aconstantequationof state.In §6.2,weconsidernon-�at models.In §6.3,weconsidermodels
with amassive light neutrino.In §6.4,we includetensormodes.

In thissectionof thepaper, wecombinetheWMAP datawith externaldatasetssothatwecanbreakde-
generaciesandobtainsigni�cant constraintson thevariousextensionsof ourstandardcosmologicalmodel.

6.1. Dark Energy

The propertiesof the dark energy, the dominantcomponentin our universetoday, is a mystery. The
mostpopularalternative to thecosmologicalconstantis quintessence.Wetterich (1988),Ratra& Peebles
(1988)andPeebles& Ratra(1988)suggestthat a rolling scalar�eld could producea time-variabledark
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energy term,which leave a characteristicimprint on theCMB andon largescalestructure(Caldwellet al.
1998).In thesequintessencemodels,thedarkenergy propertiesarequanti�edby theequationof stateof the
darkenergy: w = p� � , wherep and � arethepressureandthedensityof thedarkenergy. A cosmological
constanthasanequationof state,w = - 1.

Sincethe spaceof possiblemodelsis quite large, we only considermodelswith a constantequa-
tion of state. We now increaseour modelspaceso that we have 7 parametersin the cosmologicalmodel
(A � ns � h � � m � � b � � andw). We analyzethedatausingtwo approaches:(a) we begin by restrictingour anal-
ysisto w � - 1 motivatedby thedif�culties in constructingstablemodelswith w � - 1 (Carroll et al. 2003)
and(b) relax this constraintandconsidermodelsthat violate theweakenergy condition(Schuecker et al.
2003b).Furtheranalysisis neededfor modelswherew andthequintessencesoundspeedarea functionof
time(Dedeoetal. 2003).Theadditionof anew parameterintroducesanew degeneracy between� m, h, and
w thatcannot bebroken by CMB dataalone(Huey et al. 1999;Verdeet al. 2003): modelswith thesame
valuesof � mh2, � bh2 and�rst peakpositionhave nearlyidenticalangularpower spectra.

For example,a modelwith � m = 0 � 47� w = - 1� 2 andh = 0 � 57 hasa nearly identicalangularpower
spectrumto our

�
CDM model.Note,however, thatthisHubbleConstantvaluediffersby 2� from theHST

Key Projectvalueandthepredictedshapeof thepower spectrumis a poor�t to the2dFGRSobservations.
Thismodelis alsoaworse�t to thesupernova angulardiameterdistancerelation.

We considerfour differentcombinationsof astronomicaldatasets:(a)WMAPext datacombinedwith
the supernova observations; (b) WMAPext datacombinedwith HST data;(c) WMAPext datacombined
with the2dFGRSlargescalestructuredata;(d) all datasetscombined.

TheCMB peakpositionsconstraintheconformaldistanceto thedecouplingsurface. Theamplitude
of theearly ISW signaldeterminesthematterdensity, � mh2. Thecombinationof thesetwo measurements
stronglyconstrains� (w) andh(w) (seeFigures11and12). TheHSTKey Projectmeasurementof H0 agrees
with the inferredCMB value if w = - 1. As w increases,the best�t H0 value for the CMB dropsbelow
the Key Projectvalue. Our joint analysisof CMB + HST Key Projectdataimplies that w � - 0 � 5 (95%
con�denceinterval). If futureobservationscanreducetheuncertaintiesassociatedwith thedistanceto the
LMC, the H0 measurementscould placesigni�cantly strongerlimits on w. Figures11 and12 show that
thecombinationof eitherCMB+supernova dataor CMB+largescalestructuredataplacesimilar limits on
darkenergy properties.For our combineddataset,we marginalizeover all otherparametersand�nd that
w � - 0 � 78 (95%CL) whenwe imposetheprior thatw � - 1. If wedropthisprior, thenall of thecombined
datasetsappearto favor amodelwherethepropertiesof thedarkenergy arecloseto thepredictedproperties
of a cosmologicalconstant(w = - 0 � 98 � 0 � 12).

6.2. Non-Flat Models

The positionof the �rst peakconstrainsthe universeto be nearly �at (Kamionkowski et al. 1994);
low densitymodelswith � � = 0 have their �rst peakpositionat l � 200� - 1� 2

m . However, if we allow for
the possibility that the universeis non-�at andthereis a cosmologicalconstant,thenthereis a geometric
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degeneracy (Efstathiou& Bond1999): alonga line in � m - ��� space,thereis a setof modelswith nearly
identicalangularpower spectra.While theallowedrangeof � tot is relatively small,thereis awide rangein

� m valuescompatiblewith theCMB datain anon-�at universe.

If weplacenopriorsoncosmologicalparameters,thenthereis amodelwith � � = 0 consistentwith the
WMAP data(

� � 2 = 6 � 6 relative to the �at model). However, thecosmologicalparametersfor this model
(H0 = 32� 5 km/s/Mpc,and � tot = 1 � 28)areviolently inconsistentwith ahostof astronomicalmeasurements.
The�at � m = 1 � �

= 0 standardCDM modelis inconsistentwith theWMAP dataatmorethanthe5� level.

If weincludeaweakpriorontheHubbleConstant,H0
� 50km/s/Mpc,thenthisissuf�cient to constrain

0 � 98 � � tot � 1 � 08(95%con�denceinterval). CombiningtheWMAPextdatawith supernovameasurements
of theangulardiameterdistancerelationship(see�gure 13)we obtain0 � 98 � � tot � 1 � 06. This con�dence
interval doesnot requirea prior on h. If we further includethe HST Key Projectmeasurementof H0 as
a prior, thenthe limits on � 0 improve slightly: � tot � 1 � 02 � 0 � 02 Figure13 shows the two dimensional
likelihoodsurfacefor variouscombinationsof thedata.

6.3. Massive Neutrinos

Copiousnumbersof neutrinoswere producedin the early universe. If theseneutrinoshave non-
negligible massthey canmake a non-trivial contribution to the total energy densityof theuniverseduring
bothmatterandradiationdomination.Duringmatterdomination,themassiveneutrinosclusteronverylarge
scalesbut free-streamoutof smallerscale�uctuations.This free-streamingchangestheshapeof thematter
power spectrum(Hu et al. 1998)andmostimportantly, suppressestheamplitudeof �uctuations. Sincewe
cannormalizetheamplitudeof �uctuationsto theWMAP data,theamplitudeof �uctuationsin the2dFGRS
dataplacessigni�cant limits onneutrinoproperties.

Thecontribution of neutrinosto theenergy densityof theuniversedependsuponthesumof themass
of thelight neutrinospecies:

� � h2 =

�
i mi

94� 0eV
� (6)

Notethatthesumonly includesneutrinospecieslight enoughto decouplewhile still relativistic.

Experimentsthatprobeneutrinopropagationfrom sourceto detectoraresensitive not to theneutrino
massbut to thesquaremassdifferencebetweendifferentneutrinomasseiginstates.Solarneutrinoexperi-
ments(Bahcallet al. 2003a)imply thatthesquaremassdifferencebetweentheelectronandmuonneutrino
is � 10- 9 eV. Thede�cit of muonneutrinosin atmosphericshowersimply thatthemassdifferencebetween
muonandtauneutrinosis 10- 5eV2 (Kearns2002).If theelectronneutrinois muchlighter thanthetauneu-
trino, thenthecombinationof theseresultsimply thatm����� 0 � 1 eV: still below thedetectionlimits for our
data-set.On theotherhand,if m� e � m��� , thenthe threeneutrinospeciescanleave anobservableimprint
on theCMB angularpower spectrumandthegalaxylargescalestructurepower spectrum.In our analysis,
weconsiderthis lattercaseandassumethattherearethreedegeneratestablelight neutrinospecies.
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Figure14shows thecumulative likelihoodof thecombinationof WMAP, CBI, ACBAR, and2dFGRS
dataasafunctionof theenergy densityin neutrinos.Basedonthisanalysis,weconcludethat � � h2 � 0 � 0067
(95%con�dencelimit). If weaddtheLyman � data,thenthelimit slightly weakensto � � h2 � 0 � 0076.For
threedegenerateneutrinospecies,this implies that m� � 0 � 23 eV. This limit is roughly a factor of two
improvementoverpreviousanalyses(e.g.,Elgarøyetal. (2002))thathadto assumestrongpriorson � m and
H0.

6.4. Tensors

Many modelsof in�ation predictasigni�cant gravity wavebackground.Thesetensor�uctuationswere
generatedduringin�ation. Tensor�uctuationshave their largesteffectson largeangularscaleswherethey
addin quadratureto the�uctuationsgeneratedby scalarmodes.

Here,weplacelimits ontheamplitudeof tensormodes.Wede�ne thetensoramplitudeusingthesame
conventionasLeachetal. (2002):

r � Ptensor(k� )
Pscalar(k� ) � (7)

wherePtensorandPscalar aretheprimordialamplitudeof tensorandscalar�uctuationsandk � = 0 � 002Mpc- 1.
Sincewe seeno evidencefor tensormodesin our �t, we simplify theanalysisby assumingthat thetensor
spectralindex satis�esthesingle�eld in�ationary consistency condition:

nt = - r � 8 � (8)

This constraintreducesthenumberof parametersin thismodelto 8: A, � bh2, � mh2, h, ns, dns � dlnk, r and
� . We ignoretherunningof nt . Theadditionof this new parameterdoesnot improve the�t as�gure (15)
shows thecombinationof WMAPext+ 2dFGRS+ Lyman � is ableto placea limit on thetensoramplitude:
r � 0 � 90 (95% con�dencelimit). As table(9) shows, this limit is muchmorestringentif we restrict the
parameterspaceto modelswith eitherns � 1 or

�
dn� dlnk

�
= 0.

Peirisetal. (2003)discusstheimplicationsof our limits ontensoramplitudefor in�ationary scenarios.
Usingtheresultsof thisanalysis,Peirisetal. (2003)shows thattheinferredjoint likelihoodof ns, dns � dlnk
andr placessigni�cant constraintson in�ationary models.

Table9. 95%Con�denceLimits on Tensor/ScalarRatio

prior WMAP WMAPext+2dFGRS WMAPext+ 2dFGRS+Lyman �

no prior 1 � 28 1 � 14 0 � 90
dns � dlnk = 0 0 � 81 0 � 53 0 � 43
ns � 1 0 � 47 0 � 37 0 � 29
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7. INTRIGUING DISCREPANCIES

While the
�

CDM model's successin �tting CMB dataanda hostof otherastronomicaldatais truly
remarkable,thereremaina pair of intriguing discrepancies:on boththe largestandsmallestscales.While
addingarunningspectralindex mayresolve problemsonsmallscales,thereremainsapossiblediscrepancy
betweenpredictionsandobservationson thelargestangularscales.

Figure16 shows the measuredangularpower spectrumand the predictionsof our best�t
�

- CDM
model, wherethe datawere �t to both CMB and large-scalestructuredata. The �gure also shows the
measuredangularcorrelationfunction; the lack of any correlatedsignalon angularscalesgreaterthan60
degreesis noteworthy. Wequantifythis lackof power on largescalesby measuringa four point statistic:

S=
� 1� 2

- 1
[C(

�
)]2dcos

� � (9)

Theuppercutoff andtheform of thisstatisticwerebothdetermineda posteoriin responseto theshape
of thecorrelationfunction. We evaluatethestatisticalsigni�canceof thesediscrepanciesby doingMonte-
Carlorealizationsof the�rst 100,000modelsin theMarkov chains.Thisallows usto averagenotonly over
cosmicvariancebut alsooverouruncertaintiesin cosmologicalparameters.For our

�
CDM Markov chains

(�t to theWMAPext+ 2dFGRSdatasets),we �nd thatonly 0.7%of themodelshave lower valuesfor the
quadrupoleandonly 0.15%of thesimulationshave lower valuesof S. For therunningmodel,we �nd that
only 0.9%of themodelshave lower valuesfor thequadrupoleandonly 0.3%of thesimulationshave lower
valuesof S. Theshapeof theangularcorrelationfunctionis certainlyunusualfor realizationsof thismodel.

Is thisdiscrepancy meaningful?Thelow quadrupolewasalreadyclearlyseenin COBEandwasusually
dismissedasdueto cosmicvariance(Bond et al. 1998)or foregroundcontamination.While the WMAP
datareinforcesthecasefor its low value,cosmicvarianceis signi�cant ontheselargeangularscalesandany
Gaussian�eld will alwayshaveunusualfeatures.Ontheotherhand,thisdiscrepancy couldbethesignature
of interestingnew physics.

The discovery of an acceleratinguniverseimplies thatat theselarge scales,thereis new andnot un-
derstoodphysics.This new physicsis usuallyinterpretedto bedarkenergy or a cosmologicalconstant.In
eithercase,we would expectthat thedecayof �uctuationsat late timesproducesa signi�cant ISW signal.
Boughnet al. (1998)arguethatin a

�
CDM modelwith � m = 0 � 25, thereshouldbea detectablecorrelation

betweentheCMB signalandtracersof large-scalestructure;yet they werenotableto detectasignal.There
arealternativeexplanationsof theacceleratinguniverse,suchasextradimensionalgravity theories(Deffayet
et al. 2002)thatdo not requirea cosmologicalconstantandshouldmake radicallydifferentpredictionsfor
theCMB ontheseangularscales.Thesepredictionshave notyetbeencalculated.

What could generatethis unusualshapedangularcorrelationfunction? As an example,we compute
theangularcorrelationfunctionin a toy model,wherethepower spectrumhastheform:

P(k) =

��

n=1

�
(k- 5 � 8n� �

0)
k

� (10)
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where �
0 is theconformaldistanceto thesurfaceof lastscatter. This toy modelsimulatesboth theeffects

of a discretepower spectrumdueto a �nite universeandtheeffectsof ringing in thepower spectrumdue
to a featurein thein�aton potential(seePeiriset al. (2003)for a discussionof in�ationary models).Figure
16 shows theangularcorrelationfunctionand�gure 17 show theTE power spectrumof themodel. Note
thattheTE power spectrumis particularlysensitive to featuresin thematterpower spectrum.Intriguingly,
this toy modelis a bettermatchto theobserved correlationfunctionthanthe

�
CDM modelandpredictsa

distinctivesignaturein theTE spectrum.Cornishetal. (1998)show thatif theuniversewas�nite andsmaller
than the volume within the decouplingsurface, then thereshouldbe a very distinctive signal: matched
circles. The surfaceof last scatteris a spherecenteredaroundWMAP. If the universeis �nite thenthis
spheremustintersectitself, this leadsto pairsof matchedcircles.Thesematchcirclesprovide not only the
de�niti ve signatureof a �nite universebut alsoshouldenablecosmologiststo determinethetopologyof the
universeCornishet al. (1998b);Weeks(1998). Shouldwe be ableto detectcirclesif the power spectrum
cutoff is dueto thesizeof the largestmodebeing � 1� �

0? While thereis no rigoroustheoremrelatingthe
sizeof the largestmodeto thediameterof the fundamentaldomain,D, analysisof bothnegatively curved
(Cornish& Spergel2000)andpositively curved(Lehoucqetal.2002)topologiessuggestthatD � (0 � 6- 1)� .
Thus,if the“peak” in thepowerspectrumat l = 5 correspondsto thelargestmodein thedomain,weshould
beableto detectapatternof circlesin thesky.

Dueto the�nite sizeof thepatchof theuniversevisible to WMAP (or any futuresatellite),our ability
to determinetheorigin andsigni�canceof this discrepancy will be limited by cosmicvariance.However,
futureobservationscanoffer somenew insightinto its origin. By combiningtheWMAP datawith tracersof
largescalestructure(Boughnetal. 1998;Peiris& Spergel2000),astronomersmaybeableto directlydetect
thecomponentof theCMB �uctuationsdueto theISW effect. WMAP'songoingobservationsof large-scale
microwavebackgroundpolarization�uctuationswill enableadditionalmeasurementsof �uctuationsat large
angularscales.SincetheTE observationsareprobingdifferentregionsof thesky from theTT observations,
they mayenlightenuson whetherthelack of correlationson largeangularscalesis a statistical�uk e or the
signatureof new physics.

8. CONCLUSIONS

Cosmologynow hasastandardmodel:a �at universecomposedof matter, baryonsandvacuumenergy
with anearlyscale-invariantspectrumof primordial�uctuations. In thiscosmologicalmodel,theproperties
of the universearecharacterizedby the densityof baryons,matterandthe expansionrate: � b, � m � and
h. For the analysisof CMB results,all of the effects of star formation can be incorporatedin a single
number:theopticaldepthdueto reionization,� . Theprimordial�uctuationsin thismodelarecharacterized
by a spectralindex. Despiteits simplicity, it is an adequate�t not only to the WMAP temperatureand
polarizationdatabut also to small scaleCMB data,large scalestructuredata,andsupernova data. This
modelis consistentwith thebaryon/photonratio inferredfrom observationsof D � H in distantquasars,the
HST Key Projectmeasurementof theHubbleconstant,stellaragesandtheamplitudeof mass�uctuations
inferredfrom clustersandfrom gravitational lensing. Whenwe includelarge scalestructureor Lyman �
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Table10. BasicandDerivedCosmologicalParameters:RunningSpectralIndex Modela

Meanand68%Con�denceErrors

Amplitudeof �uctuations A = 0 � 83+0 � 09
- 0 � 08

SpectralIndex at k = 0 � 05 Mpc- 1 ns = 0 � 93 � 0 � 03
Derivative of SpectralIndex dns � dlnk = - 0 � 031+0 � 016

- 0 � 018

HubbleConstant h = 0 � 71+0 � 04
- 0 � 03

BaryonDensity � bh2 = 0 � 0224� 0 � 0009
MatterDensity � mh2 = 0 � 135+0 � 008

- 0 � 009

OpticalDepth � = 0 � 17 � 0 � 06
MatterPowerSpectrumNormalization � 8 = 0 � 84 � 0 � 04
CharacteristicAmplitudeof VelocityFluctuations � 8 � 0 � 6

m = 0 � 38+0 � 04
- 0 � 05

BaryonDensity/CriticalDensity � b = 0 � 044 � 0 � 004
MatterDensity/CriticalDensity � m = 0 � 27 � 0 � 04
Age of theUniverse t0 = 13� 7 � 0 � 2 Gyr
ReionizationRedshiftb zr = 17 � 4
DecouplingRedshift zdec = 1089� 1
Age of theUniverseat Decoupling tdec = 379+8

- 7 kyr
Thicknessof Surfaceof LastScatter

�
zdec = 195 � 2

Thicknessof Surfaceof LastScatter
�

tdec = 118+3
- 2 kyr

Redshiftof Matter/RadiationEquality zeq = 3233+194
- 210

SoundHorizonat Decoupling rs = 147 � 2 Mpc
AngularSizeDistanceto theDecouplingSurface dA = 14� 0+0 � 2

- 0 � 3 Gpc
AcousticAngularScalec �

A = 301 � 1
CurrentDensityof Baryons nb = (2 � 5 � 0 � 1) � 10- 7 cm- 3

Baryon/PhotonRatio � = (6 � 1+0 � 3
- 0 � 2) � 10- 10

aFit to theWMAP , CBI, ACBAR, 2dFGRSandLyman � forestdata

bAssumesionizationfraction,xe = 1

c lA = � dC � rs
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forestdatain the analysis,the datasuggestthat we may needto addan additionalparameter:dns � dlnk.
Sincethebest�t modelspredictthat theslopeof thepower spectrumis redderon smallscales,this model
predictslater formationtimesfor dwarf galaxies.This modi�cation to the power law

�
CDM modelmay

resolve many of its problemson thegalaxyscale.Table(10) lists thebest�t parametersfor thismodel.

While therehave beenahostof paperson cosmologicalparameters,WMAP hasbroughtthisprogram
to a new stage:WMAP 's moreaccuratedeterminationof the angularpower spectrumhassigni�cantly
reducedparameteruncertainties,WMAP 's detectionof TE �uctuationshascon�rmed thebasicmodeland
its detectionof reionizationsignaturehasreducedthe ns - � degeneracy. Most importantly, the rigorous
propagationof errorsanduncertaintiesin theWMAP datahasstrengthenedthesigni�canceof theinferred
parametervalues.

In this paper, we have also examineda numberof more complicatedmodels: non-�at universes,
quintessencemodels,modelswith massive neutrinos,andmodelswith tensorgravitational wave modes.
By combiningthe WMAP datawith �ner scaleCMB experimentsandwith otherastronomicaldatasets
(2dFGRSgalaxypower spectrumandSNIaobservations),weplacesigni�cant new limits on theseparame-
ters.

Cosmologyis now in asimilarstagein its intellectualdevelopmentto particlephysicsthreedecadesago
whenparticlephysicistsconvergedon thecurrentstandardmodel. Thestandardmodelof particlephysics
�ts a wide rangeof data,but doesnot answermany fundamentalquestions:“what is the origin of mass?
why is theremorethanonefamily?,etc."Similarly, thestandardcosmologicalmodelhasmany deepopen
questions:"whatis thedarkenergy? whatis thedarkmatter?whatis thephysicalmodelbehindin�ation (or
somethinglike in�ation)?" Over thepastthreedecades,precisiontestshave con�rmed thestandardmodel
of particlephysicsandsearchedfor distinctive signaturesof the naturalextensionof the standardmodel:
supersymmetry. Over thecomingyears,improving CMB, largescalestructure,lensing,andsupernova data
will provideevermorerigoroustestsof thecosmologicalstandardmodelandsearchfor new physicsbeyond
thestandardmodel.
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Fig. 1.— This �gure comparesthe best�t power law
�

CDM model to the WMAP temperatureangular
power spectrum.Thegraydotsaretheunbinneddata.
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Fig. 2.— This �gure comparesthe best�t power law
�

CDM model to the WMAP TE angularpower
spectrum.
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Fig. 3.— This �gure shows the likelihoodfunctionof theWMAP TT + TE dataasa functionof thebasic
parametersin the power law

�
CDM WMAP model. ( � bh2, � mh2, h, A, ns and � .) The pointsare the

binnedmarginalizedlikelihoodfrom the Markov chainandthe solid curve is an Edgeworth expansionof
theMarkov chainspoints.Themarginalizedlikelihoodfunctionis nearlyGaussianfor all of theparameters
exceptfor � . Thedashedlinesshow themaximumlikelihoodvaluesof theglobalsix dimensional�t. Since
thepeakin thelikelihood,xML is not thesameastheexpectationvalueof thelikelihoodfunction, � x � , the
dashedline doesnot lie at thecenterof theprojectedlikelihood.
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Fig. 4.— This plot shows thecontribution to 2ln � permultipolebinnedat
�

l = 15. Theexcess� 2 comes
primarily from threeregions,onearound� � 120,onearound� � 200andtheotheraround� � 340.
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Fig. 5.— SpectralIndex Constraints.Left panel:thens - � degeneracy in theWMAP datafor a power-law�
CDM model. TheTE observationsconstrainthevalueof � andtheshapeof theCTT

l spectrumconstrain
a combinationof ns and � . Right panel:ns - � bh2 degeneracy. Theshadedregionsshow the joint oneand
two sigmacon�denceregions.

Fig. 6.— (Left) This �gure comparesthe best�t
�

CDM modelof §3 basedon WMAP dataonly to the
2dFGRSPower Spectrum(Percival et al. 2001). The bias parameterfor the best�t Power Law

�
CDM

modelis 1.0 correspondingto a best�t valueof � = 0 � 45. (Right) This �gure comparesthebest�t Power
Law

�
CDM modelof §3 to thepower spectrumat z= 3 inferredfrom theLyman � forestdata. Thedata

pointshave beenscaleddownwardsby 20%,which is consistentwith the1 � calibrationuncertainty(Croft
etal. 2002).
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Fig. 7.— (Left panel)This �gure shows thefractionof massin boundobjectsasa functionof redshift.The
blacklinesshow themassin collapsedobjectswith massgreaterthanMHRL(z), theeffective Jeansmassin
the absenceof H2 cooling for our best�t PL

�
CDM model(thin lines arefor the �t to WMAP only and

thick linesarefor the�t to all datasets).Theheavy line usesthebest�t parametersbasedonall data(which
hasa lower � 8) andthelight line usesthebest�t parametersbasedon �tting to theWMAP dataonly. The
dashedlinesshow themassin collapsedobjectswith massesgreaterthantheJeansmassassumingthatthe
minimum massis 106M � . More objectsform if the minimum massis lower. (Right Panel)This �gure
shows theionizationfractionasa functionof redshift.Thesolid line shows ionizationfractionfor thebest
�t PL

�
CDM model if we assumethat H2 cooling is suppressedby photo-destructionof H2. This �gure

suggeststhat H2 coolingmay benecessaryfor enoughobjectsto form earlyenoughto be consistentwith
theWMAP detection.Theheavy line is for thebest�t parametersfor all datasetsandthe light line is for
thebest�t parametersfor theWMAP only �t. Thedashedlinesassumethattheobjectswith massesgreater
than106M � canform stars.Thegraybandshows the68%likelihoodregion for zr basedon theassumption
of instantaneouscompletereionization(Kogutet al. 2003).
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Fig. 8.— This �gure shows themarginalizedlikelihoodfor variouscosmologicalparametersin therunning
spectralindex modelfor our analysisof thecombinedWMAP , CBI, ACBAR, 2dFGRSandLyman � data
sets.Thedashedlinesshow themaximumlikelihoodvaluesof theglobalsevendimensional�t.
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Fig. 9.— (Left)The shadedregion in the �gure shows the 1- � contoursfor the amplitudeof the power
spectrumasa function of scalefor the runningspectralindex model �t to all datasets. The dottedlines
bracket the 2-� region for this model. The dashedline is the best�t power spectrumfor the power law�

CDM model. (Right)Theshadedregion in the �gure shows the 1 - � contoursfor the amplitudeof the
amplitudeof mass�uctuations,

� 2(k) = (k3 � (2� 2)P(k), asa functionof scalefor therunningspectralindex
model�t to all datasets.Thedottedlinesbracket the2-� region for this model.Thedashedline is thebest
�t for thepower law

�
CDM model.
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Fig. 10.— (Left) This �gure shows the fraction of the universein boundobjectswith massgreaterthan
MHRL (dashed),M j = 106M � (solid) andM j � (dotted)in amodelwith a runningspectralindex. Thecurves
werecomputedfor the1� upperlimit parametersfor this model(seeFigure9). Theseshouldbeviewedas
upperlimits on themassfractionin collapsedobjects.(Right)This �gure shows theionizationfractionasa
functionof redshiftandis basedontheassumptionsdescribedin §4.7.As in the�gure ontheleft, weusethe
1� upperlimit estimateof thepower spectrumsothatwe obtain"optimistic" estimatesof thereionization
fraction. In the context of a runningspectralindex �t to the data,the WMAP detectionof reionization
appearsto requirethatH2 coolingplayedanimportantrole in earlystarformation.
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Fig. 11.—Constraintson Dark Energy Properties.Theupperleft panelshows themarginalizedmaximum
likelihoodsurfacefor the WMAPext dataaloneandfor a combinationof the WMAPext + 2dFGRSdata
sets. The solid lines in the �gure show the 68% and95% con�dencerangesfor the �t C supernova data
from Perlmutteret al. (1999). In the upperright panel,we multiply the supernova likelihood function
by the WMAPext + 2dFGRSlikelihood functions. The lower left panelshows the maximumlikelihood
surfacefor h andw for the WMAPext dataaloneandfor the WMAPext + 2dFGRSdatasets. The solid
lines in the �gures arethe 68% and95% con�dencelimits on H0 from the HST Key Project,wherewe
addthesystematicandstatisticalerrorsin quadrature.In the lower right panel,we multiply the likelihood
functionfor theWMAPext + 2dFGRSdataby thelikelihoodsurfacefor theHSTdatato determinethejoint
likelihoodsurface.Thedarkareasin theseplotsarethe68%likelihoodregionsandthe light areasarethe
95%likelihoodregions.
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Fig. 12.—Constraintson Dark Energy Properties.Theupperleft panelshows themarginalizedmaximum
likelihoodsurfacefor the WMAPext dataaloneandfor a combinationof the WMAPext + 2dFGRSdata
sets.Thesolid linesin the�gure show the68%and95%con�dencerangesfor supernova datafrom Riess
et al. (2001). In theupperright panel,we multiply thesupernova likelihoodfunctionby theWMAPext +
2dFGRSlikelihoodfunctions.Thelower left panelshows themaximumlikelihoodsurfacefor h andw for
theWMAPext dataaloneandfor theWMAPext + 2dFGRSdatasets.Thesolid linesin the�gures arethe
68%and95%con�dencelimits onH0 fromtheHSTKey Project,whereweaddthesystematicandstatistical
errorsin quadrature.In the lower right panel,we multiply the likelihood function for the WMAPext +
2dFGRSdataby thelikelihoodsurfacefor theHSTdatato determinethejoint likelihoodsurface.Thedark
areasin theseplotsarethe68%likelihoodregionsandthe light areasarethe95%likelihoodregions. The
calculationsfor this �gure assumeda prior thatw � - 1.
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Fig. 13.— Constraintson the geometryof the universe: � m - � � plane. This �gure shows the two
dimensionallikelihood surface for various combinationsof data: (upper left) WMAP (upper right)
WMAPext(lower left) WMAPext+ HST Key Project(supernova data(Riesset al. 1998,2001) is shown
but not usedin thelikelihoodin this partof thepanel;(lower right) WMAPext+ HST Key Project+ super-
nova
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Fig. 14.— This �gure shows the marginalized cumulative probability of � � h2 basedon a �t to the
WMAPext+ 2dFGRSdatasets(dashed)andthe cumulative probability basedon a �t to the WMAPext+
2dFGRS+Lyman � datasets(solid). Thevertical linesarethe95%con�denceupperlimits for eachcase
(0.21and0.23eV).
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Fig. 15.— This �gure shows the cumulative likelihood of the combinationof the WMAPext+ 2dFGRS
+Lyman � datasetsasa function of r, the tensor/scalarratio. The threelines show the likelihoodfor no
priors,for modelswith

�
dn� dlnk

�
� 0 � 005andfor modelswith ns � 1.
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�

CDM model,toy �nite universemodel,andWMAP
dataon largeangularscales.Thedatapointsarecomputedfrom thetemplate-cleanedV bandWMAP using
theKp0 cut (Bennettetal. 2003c).
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Fig. 17.— TE Power Spectrum.This �gure comparesthedatato thepredictedTE power spectrumin our
toy �nite universemodel and the

�
CDM model. Both modelsassumethat � = 0 � 17 and have identical

cosmologicalparameters.This �gure shows that the TE power spectrumcontainsadditionalinformation
aboutthe �uctuations at large angles. While the currentdatacannot distinguishbetweenthesemodels,
futureobservationscoulddetectthedistinctive TE signatureof themodel.


